Abstract. The flat plumbing basket presentation of a link is introduced by Furihata, Hirasawa and Kobayashi. In this paper, we show that the pass-equivalence and an equivalence introduced by using the flat plumbing basket presentation are the same relation. Furthermore, we obtain an evaluation of the minimal number of bands used for the flat pluming basket presentation for a knot coming from the degree of the Alexander polynomial and the three genus of the knot.
Introduction
The trivial open book decomposition O of the 3-sphere S 3 is a decomposition of S is a pair consisting of a disk D and a union of properly embedded arcs a 1 , a 2 , . . . , a n , where a i is the core of the image of b i . We call the subscript i of a i the label of the arc.
The following theorem assure that any link is presented by a flat plumbing diagram. The local transformation on link diagrams indicated in Figure 1 is called passmove. We define the flat plumbing basket number of a knot K, denoted by f pbk(K), to be the minimal number of bands to obtain a flat plumbing basket surface of K. For a flat basket diagram D, by recording the labels of the arcs as one travels along ∂D according to counterclockwise orientation, one obtain a word W in {1, 2, . . . , 2n}
beginng from the letter 1 such that each letter appears exactly twice. We call W a flat basket code for D. We introduce a method to obtain the Seifert matrix for the flat plumbing basket, and show:
, a be the leading coefficient of ∆ K (t), and g(K) be the minimal genus of the Seifert surface (i.e. three genus) of K. Then f pbk(K) is evaluated as follows:
ing [4] or the minimal crossing number of K is at most 10, then 2g(
Therefore if such a knot has non-monic Alexander polynomial as in (2), we have 
, and, in order to simplify our arguments and figures, indicate the bands by the core curves of bands with some normal crossings. We call this projection of S the normal form of S.
We isotope S such that the image of its projection onto x-y plane satisfy:
(1) The image of bands are the union of lines parallel to the x-axis or y-axis. For short, we call the line parallel to the x-axis (resp. y-axis) the x-line (resp. the y-line).
(2) On each crossing of the image of bands, the over-crossing is on the x-line and the under-crossing is on the y-line.
(3) The x-coordinates of the y-lines are distinct, and the y-coordinates of the x-lines are distinct.
For (2), we often use the deformation in Figure 4 . Proof. At first, we observe that if there are Seifert surfaces S and S ′ of normal form for L and L ′ respectively such that S is obtained from S ′ by a crossing change at a pair of bands of S, then L and L ′ is f.p.b.-equivalent. We deform S such that the projection of S satisfies the conditions (1) (2) and (3) in §2. Let Q be a crossing point where we should change crossing in order to obtain S ′ . We perform push-downs as explaind in §2 and obtain a flat plumbing basket S 1 for L. Let H be the x-line in the projection image of S 1 which contains Q. We choose points P l 1 , P l 2 , P r 1 , P r 2 on H such that P l 1 , P l 2 , Q, P r 1 , P r 2 are on H in this order from the left to the right and there is no crossing between P l 1 and P r 2 except Q. We push-down the two lines on H between P l 1 , P l 2 and between P r 1 , P r 2 , then we get a flat plumbing basket S 2 for L (see Figure 8 ). Furthermore, a surface S the boundaries of (a) and (b) are trivial knot, we remove these part by the isotopy of
If there is a pair of (c), then L contains 3 1 #3 1 in its connected sum decomposition.
By changing the crossing of bands in one of the pair of (c), 3 1 #3 1 is altered to 3 1 #3 * 1 . Figure 11 indicate that 3 1 #3 * 1 is f.p.b.-equivalent to the trivial knot. Therefore, L is We review the definition of the Seifert matrix and the Alexander polynomial. Let S be a Seifert surface for a knot K, and {k 1 , . . . , k 2n } be a basis for H 1 (S, Z). Let Let F be the flat plumbing basket whose flat basket code is a word W in {1, 2, . . . , 2n}, p i be a point on ∂D corresponding to the former i in W and q i be a point on ∂D corresponding to the latter i in W . We define a cycle k i on F to be constructed from the line on D oriented from q i to p i and a core arc of b i oriented from p i to q i . Then {k 1 , . . . , k 2n } is a basis of H 1 (F, Z). We see:
Lemma 4.1. Let W be a flat basket code, F be a flat plumbing basket whose flat basket code is W , and {k 1 , . . . , k 2n } be a basis of H 1 (F, Z) given above. Then the (i, j)-entry v i,j of the Seifert matrix V of F is determined as follows.
We assume that i < j.
Proof of Theorem 1.3. By the definition of ∆ K (t),
Let S 2n be the symmetric group of degree 2n, ǫ(σ) be the signature of σ ∈ S 2n , and
This show that the degree of ∆ K (t) is at most 2n − 1 and at least 1, and the term with degree 2n − 1 is −v 21 v 32 · · · v 2n,2n−1 v 2n,1 t 2n−1 and the term with degree 1 is
Since v ij = 0 or ±1, the term of ∆ K (t) with degree 2n − 1 should be 0 · t 2n−1 or ±1 · t 2n−1 . Therefore, if the term of ∆ K (t) with maximal degree is not ±t k then the maximal degree is at most 2n − 2 and the minimal degree is at
On the other hand, the cycle k 1 bounds a disk D 1 whose interior is disjoint from the flat plumbing basket F , and we can compress F along D 1 . Therefore, we see
The following table lists flat basket codes for all the prime knots of at most 9 crossings and the evaluation of the flat plumbing basket numbers of knots obtained by the flat basket codes and Theorem 1.3. For reference, the three genera g(K) are on the table (see for example a comment on Table 2 in p.254, and F.3 begins from p.270 of [3] ). The numbering of the knots follows that of [6] . We remark by the bullet • the knot which corresponds to the case (2) of Theorem 1.3 and max{2g(K) + 2, deg ∆ K (t) + 4} = deg ∆ K (t) + 4 (see (c) of Remark 1.4). We remark by the asterisk * that the flat plumbing basket number for 9 24 was determined by Mika Aoki, who was an undergraduate student advised by Tsuyoshi Kobayashi, and by the double asterisk ** that the flat plumbing basket number for 9 29 was determined by Mikami 
